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The linear logistical isobologram is a commonly used and powerful graphical and statistical tool for
analyzing the combined effects of simple chemical mixtures. In this paper a nonlinear
isobologram model is proposed to analyze the joint action of chemical mixtures for quantitative
dose-response relationships. This nonlinear isobologram model incorporates two additional new
parameters, Ymin and Ymax, to facilitate analysis of response data that are not constrained between
0 and 1, where parameters Ymin and Ymax represent the minimal and the maximal observed toxic
response. This nonlinear isobologram model for binary mixtures can be expressed as:
Y
= Ymin + Ymax Ymin
i + e-(po+3ldl+p2d2+/12d1d2)
In addition, a Box-Cox transformation to both sides is introduced to improve the goodness of fit
and to provide a more robust model for achieving homogeneity and normality of the residuals.
Finally, a confidence band is proposed for selected isobols, e.g., the median effective dose, to
facilitate graphical and statistical analysis of the isobologram. The versatility of this approach is
demonstrated using published data describing the toxicity of the binary mixtures of citrinin and
ochratoxin as well as a new experimental data from our laboratory for mixtures of mercury and
cadmium. Environ Health Perspect 106(Suppl 6):1367-1371 (1998). http://ehpnet1.niehs.nih.gov/
docs/1998/Suppl-6/1367-1371chen/abstracthtml
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Epidemiologists and toxicologists frequently
conduct a type of toxicity experiment to
study the joint action ofchemical mixtures
in which the biologic response to two or
more chemicals is recorded. The issues of
experimental design and appropriate analy-
sis of the resultant data are very important
and also controversial. The most recent ref-
erences can be found in Ramamoorthy et
al. (1) and Kaiser (2).
In the case of binary mixtures, the
resultant observations consist of data in
three-dimensional space (d1, d2, y), where
dl and d2 are the dose levels for the two
chemicals andythe response. In this paper,
special attention will be paid to the quanti-
tative dose-response relationship whereyis
a continuous response, whereas a briefdis-
cussion will be given in "Discussion" for
the qualitative dose-response relationship.
The systematic part of the dose-response
model would be
y=f(di,d2A) [1]
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based on the theory and knowledge from
different applications of modeling with
parameters of vector /3 to be estimated
from the dose-response relationship, f
The main objective of the statistical mod-
eling is to estimate the parameters and
make statistical inference, especially for the
parameters describing the joint action of
the mixtures. Therefore, an accurate model
to describe the mechanism of mixtures is
essential to statistically and toxicologically
identify the interaction.
Carter et al. (3) applied the logistical
model below for the mixture joint action
and discussed the isobologram:
log _p =P +Ad,+fl2d2+A2dld2
[2]
where p is the mortality rate and /12 iS
used to describe the interaction. This
model can be easily understood from sta-
tistical, biologic, and toxicologic points of
view. For this model, however, the
response is required to be from 0 to 1.
Even ifthe response is the percentage (e.g.,
y ranging from 0 to 100), then the simple
transformation ofp=y/l00 should be
used. However, many experimental obser-
vations are not constrained in the range of
0 to 100, so Carter's model would present
some difficulties.
Barton et al. (4) proposed a series of
nonlinear models to characterize the
chemical joint action. Specifically, the sim-
ple similar model is approximately equiva-
lent to the dose/concentration additivity;
the independent action model is approxi-
mately equivalent to the response additiv-
ity and the nonadditivity model is for the
interaction. In these models two addi-
tional parameters, Ymin and Ymax, were
introduced to overcome the difficulties of
the response range not being uniformly
within 0 to 100. Although these models
could be easily understood by professional
statisticians, the complexity ofthe compu-
tational code was a burden for many biol-
ogists and toxicologists who implemented
these models.
Kodell and Pounds (5) considered an
envelope for the mixtures' joint action
and examined the dose additivity and
response additivity for the dose and log
dose scales. The results were extended by
Razzaghi and Kodell (6) using a Box-Cox
transformation (7). We suggest that this
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model is practical for characterizing
toxicologic interactions.
In this paper, we expand the linear
logistical isobologram ofCarter et al. (3) to
include the features ofthe Barton et al. (4)
model, incorporating the two parameters
Ymin andYmaxto overcome the difficulties in
dealing with different data types in the
analysis. Based on this nonlinear isobolo-
gram model, a confidence band is proposed
for the observed isobol and the median
effective dose (ED50) line for a statistically
sound analysis ofthe isobologram. We also
introduce a transformation to both sides
(TBS) technique to achieve the homogene-
ity and normality of the residuals, where
the Box-Cox transformation family as a
special case is concentrated. Two real data
sets demonstrate the application of these
newly developed procedures.
Nonlinear Isobologram Model
and Its Application to Isobols
Nonlinear Isobologram Model
We will concentrate on the binary mixture.
For a binary chemical mixture, the observa-
tions from the experiment include a triplet
such as (dl, d2, y), where dl and d2 are the
dose levels from two chemicals andy is the
response from the mixtures. The nonlinear
isobologram model for binary mixtures in
the dose response [model 1] is proposed as
Y= Ymin + (/3x+idi+mi2d2+i2did2) 3[ 1+e-PPd +22+IA )
where
Ymin is the parameter associated with the
minimum response,
Ymax is the parameter associated with
the maximum response,
/3o is the parameter associated with the
effect ofthe control dose levels,
/3l is the parameter associated with the
effect ofthe first chemical,
/32 is the parameter associated with the
effect ofthe second chemical, and
/312 iS the parameter associated with the
interaction ofthe two chemicals.
Simple mathematical manipulation can
result:




This manipulation shows that Carter's
logistic model [2] is the special case when
parameters Ymin and Ymax are fixed to be 0
and 100, respectively.
Model [3] can be used to characterize
the interaction of two drugs or chemicals.
Following the discussion ofan interaction
index for mixtures proposed by Beren-
baum (CI) (8), the interaction of chemi-
cals can be claimed as synergism,
antagonism, and additivity if the index,
defined as:
CI= d___ + d2 [51
ED10op(l) ED10O (2)
is the <1, > 1, = 1, respectively. Here in the
definition [5], di and d2 are the doses of
chemical number 1 and number 2 in com-
bination that gives a 100p% response
(ED1oop%). ED1oop(1) and EDioop(2) are
the respective single agentEDioops.
In models [3] or [4], the ED100ps for





where p = (y ymin,)71(ymax,ymin). There-
fore, with the combination ofthe interac-
tion index definition [5] and model [4],
and with little algebraic manipulation, the
interaction index can be expressed as
CI= fild, + PAd
log( p P P_ZO logt p P P_wO
the goodness offit under the assumptions
ofhomogeneity and normality ofresiduals.
Ifthe model fits the data appropriately, it
is then possible to test the hypothesis of
additivity (P12 = 0) and also to get the
confidence interval to test for synergism,
antagonism, or additivity.
Analysis ofIsobolograms
The analysis ofisobolograms is a commonly
used approach to identify the joint action
ofchemicals. This approach is conducted
by comparing the observed isobols to the
line ofadditivity, which is frequently con-
structed from the ED50 line associated
with the mixtures. Specifically, if the
observed isobol is bent under this line,
synergism can be declared, and if the
observed isobol is bent above the line,
antagonism can be declared. When the
observed isobol does not deviate from the
line, the joint action can be claimed as
additivity. In this sense, a statistically
sound procedure should be developed and
followed when the observed isobol is
compared to the ED50 line to conclude
synergism, antagonism, and additivity.
A general approach can be developed by
Fieller's theorem (9) for any isobols under
any proportion ofresponse p, based on the
nonlinear isobologram model proposed in
"Nonlinear Isobologram Model." In fact,
after the model [3] is fitted and tested to be
appropriate, the model can be rearranged as
in [4]. For any response y, the proportion
of resyonse p can be calculated as
A A
P =Y-_Ymin/Ymax-Ymin.
Therefore, the observed isobols d2IP
corresponding to ED100p for p can be
constructed as
dIPl= (-1 A dpA )
2+A12dl




and its associatedED1loopline djP as
It can be followed that the two chemicals
interact synergistically, antagonistically,
and additively if the parameter /12 iS
greater than, less than, or not different
than zero, respectively. This means that
the CI can be also characterized by the
interaction parameter /312.
The nonlinear least square regression
or maximum likelihood estimation can be
used to fit the model to the observed data
from the toxicologic experiment and to test
[8] d LPP=)2 p
2 P2
For the purpose ofidentifying the joint
action for synergism, antagonism, and
additivity, the observed isobol d2IP for
proportion lOOp% can be selected to com-
pare with the confidence band for the
ED1oop line d2LP constructed by Fieller's
theorem. If the observed isobol d2IP is
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within the confidence band of d2LP, the
additivity is claimed. If the observed
isobol d2IP is not completely within the
confidence band for d2LP and is bent
below the line, the synergism is claimed; if
the observed isobol dJP is not completely
within the confidence band of dfp and is
bent above the line, the antagonism is
claimed. Figure 1 illustrates the application
of this procedure for data from "Binary
Mixture ofCadmium and Mercury."
Box-CoxTransformation
to Both Sides
In the application ofany dose-response
model [1], care should be taken for the
assumptions ofnormality and homogeneity
ofthe residuals; otherwise, the estimates and
the statistical inference could be invalid. In
the case ofnonnormality and heteroscedas-
ticity, an alternative model or appropriate
transformation should be used to reanalyze
the data. TBS is promising, particularly
when the data come from a large range with
a large quotient between the maximum and
the minimum response, which is often the
case for dose-response data structure. The
TBS model takes the form:
h(y,A) =h[f(dldd2, ),A] +ae [9]
where h (., X) is the transformation family
with parameter A associated with the trans-








0 5 10 15
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Figure 1. Isobologram for the cytotoxic interaction of
cadmium and mercury to primary cultures of rat hepa-
tocytes. The ED50 line (solid line) is the predicted ED50
with no interaction (P12=0) and is bounded bythe 95%
confidence bands (---). ED50 isobol (dashed line) is the
observed ED50 isobol.
The Box-Cox (7) power transformation
family iswell known, with the form:
) for A.0,
log(y) for A=O.
Barton etal. (4) usedalogtransformation
to both sides for the nonlinear models to
satisfy the homogeneity of variance
assumption. It can be noted that the
Box-Cox family [10] is continuous in A
and with A-*0 being the logarithm trans-
formation. Therefore, the log transforma-
tion in Barton et al. (4) is just a special
case ofthe Box-Cox transformation fam-
ily. It can be easily seen that if A->1, the
TBS model [10] is back to the untrans-
formed model [3]. We can then consider
the untransformed nonlinear model [3]
and Barton's log transformation to both
sides as the two extremes and by allowing A
in [10] to vary in [0,1], a whole family of
transformation is obtained.
This continuous family depends on
only a single parameter, A, which is
estimated from the data, as well as the vec-
tor ofparameter ,B. The criterion for deter-
mining the appropriate values of the
transformation parameter A is to minimize
the sum of squares for the error for the
nonlinear model based on the transforma-
tion, or a maximum likelihood estimation




Barton et al. (4) proposed a series of
nonlinear models for the effect ofchemical
mixtures. A study was conducted for the
cytotoxic effect ofcitrinin and ochratoxin
on renal cortical slices. Within the three
models ofsimple similar action, indepen-
dent joint action, and nonadditive model,
the independent joint action model was
indeed the best fit and therefore the most
appropriate model. Further analysis sug-
gested that the two chemicals acted slightly
synergistically. Razzaghi and Kodell (6)
reexamined these data using the procedures
from Kodell and Pounds (5) with Box-Cox
transformation to integrate the regression to
dose and log dose. It was found that both
the concentrate additivity and the response
additivity provided almost the same fit;
therefore these two chemicals are mathe-
matically indistinguishable from the
dose-response function. The experimental
data can be found from Barton et al. (4)
and were reproduced in Razzaghi and
Kodell (6).
If the model [4] in Carter et al. (3) is
used for the data, the parameter estimates
and the associated statistical inference can
be made under the linear regression setting.
The values forYmax andYmin, 5 and 0.95,
respectively, are selected based on the
observed maximum and minimum values
ofthe response (4.8 and 0.97, respectively).
The R2 =0.74 with p-value =0.0001 from
the analysis ofvariance indicates that the
model fit is highly statistically significant.
The parameter estimates are /3o= 0.5997,
1 =-0.0184, 42=-0.0056, and 412=
-0.00001, respectively, with the p-value of
t-test for /312= 0 to be 0.287, indicating
that parameter/12 is not statistically signif-
icantly different from zero. Based on these
results and without checking the model
assumptions, we would conclude that these
two chemicals act additively. The test of
normality with p-value of 0.0374 and a
systematical pattern in the residual plot,
however, indicate that basic assumptions of
the model [4] are violated and therefore
the parameter estimates and the statistical
inference about/ 12 may not be valid.
We then fit the nonlinear isobologram
model [3] to the data. The fit is highly
statistically significant, as the R2=0.9685
and p<0.0001. The Pearson's X2 good-
ness-of-fit test for the standard residual
for standard normal distribution yields
p-value of 0.9391, confirming the nor-
mality and homogeneity assumptions. For
this data, the Box-Cox transformation to
both sides (BCTBS) is unnecessary
because the assumptions ofnormality and
homogeneity are satisfied.
In this situation, the parameter estimates
areymin=1.4612,Ymax=5.3361, /o
0.8783, /, =-0.0687, /32=-0.0080,
/12=0.0001, and an asymptotic 95%
confidence interval of(-0.00015, 0.00035)
for/l12.
This analysis demonstrates that the
chemical mixture ofcitrinin and ochratoxin
may act toxicologically in slight synergism
based on the positive parameter estimate,
but in fact they are additive statistically and
toxicologically. This analysis coincides with
the results from Barton et al. (4) and
Razzaghi and Kodell (6).
BinaryMixtureofCadmium
andMercury
Cadmium and Hg are toxic metals to
which human populations are often
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exposed concurrently in the workplace or
from hazardous waste sites in the environ-
ment. To evaluate this exposure, we con-
ducted an experiment in our laboratory. A
rhesus monkey renal tubular epithelial cell
line, LLC-monkey kidney (MK2), was
selected as the principal cell system because
the kidney is the major organ oftrace ele-
ment metabolism and storage, the results
may be readily applied to in vivo animal
and human studies, and the results can be
readily extended to cultures ofhuman tis-
sues and other species facilitating the
extrapolation oftoxicant joint action prin-
ciples from animal models to humans. The
MK2 cells express many ofthe phenotypic
characteristics ofa tubular epithelial cell.
Triplicate cultures of MK2 cells were
exposed to Cd and Hg in a 1:2 mixture.
After 24-hr treatment, the release ofthe sol-
uble enzyme lactate dehydrogenase (LDH)
is measured kinetically and expressed as the
fraction ofthe total LDH activity released
(response) for each culture. Specifically, the
response is defined as follows:
resp =- (Lr -Lb)
Tbe1Epert f ( tLb)+(Lr -Lb)xdf
Table 1. Experiment for mixtures of cadmium and mercury.
Cadmium
Responses, culture
Dose, pM First Second Third
1.00 1.4 1.4 0.6
2.00 1.7 2.0 2.3
3.00 3.5 3.2 3.1
4.00 3.7 3.8 3.3
5.00 3.9 4.7 3.0
6.00 4.1 4.6 4.5
7.00 6.8 6.6 4.3
8.00 7.9 7.7 6.7
9.00 8.4 8.3 9.7
10.00 14.6 10.8 13.9
15.00 25.9 28.1 30.2
20.00 39.3 43.0 44.7
where Lr isLDHrek,edor the enzyme activity
in a 200-jil aliquot, L, is LDHtotal or the
total activity following addition of200 pl
Triton X100, and Lb is LDHbackgroundor the
endogenous activity ofthe serum-containing
medium, and dfis the dilution factor. The
LDH release is a sensitive reliable measure
ofirreversible cell injury.
The data are given in Table 1 and the
data analysis is summarized in Table 2.
Carter's model [4] is applied to this data
from two aspects by using Ymax= 100 and
Ymin = 0 or 1. The model with Ymax= 100
andYmin= 1 and the model withymax= 100
and Ymin=0 are noted in Table 2. The dif-
ferences in parameter estimates and conclu-
sions by changing just one parameter, Ymin>
from 0 to 1 are remarkable. Statistically this
model is not robust or is too sensitive to
model parameters, especially Ymax and ymin-
This indicates that when Carter's model is
used, caution should be taken.
The nonlinear model [3] in Table 2
obviously has the advantage to estimate the
parameters Ymax and Ymin itself. These para-
meters can be estimated from the data
along with the f3 parameters. When the
nonlinear model is used the model is highly
significant, but the test for assumptions
Mercury
Responses, culture
Dose, pM First Second Third
10.00 1.5 2.4 1.3
20.00 12.0 10.4 9.1
30.00 27.1 31.5 35.3
40.00 52.5 43.5 54.6
50.00 61.5 63.0 63.8
60.00 69.7 73.6 71.1
70.00 77.8 80.4 81.2
Mixture (1:2)
Responses, culture
Total dose,pM First Second Third
0+0(Control) 1.6 0.9 1.1
2.30+5.00 2.4 2.9 2.1
3.30+7.00 5.2 5.1 7.1
4.50+9.50 11.9 13.8 14.6
Table 2. Summary of data analysis ofthejoint action of cadmium and mercury.
Cartera Carterb Nonlinear BCTBS
R2 0.9031 0.9465 0.9942 0.9898
P(F-test) 0.0001 0.0001 0.0001 0.0001
Ymin 1 0 0(0.961) 0.380(0.293)
Ymax 100 100 78.015(1.448) 70.742(6.969)
/o -4.960 (0.147) -4.292 (0.090) -3.860 (0.236) -4.546 (0.241)
1 0.259(0.017) 0.213(0.011) 0.207(0.014) 0.292(0.029)
/32 0.103 (0.004) 0.908 (0.003) 0.110(0.007) 0.132 (0.012)
1312 0.017 (0.008) 0.010 (0.005) 0.006(0.003) 0.008 (0.004)
P(H0:f312=0) 0.036 0.046 0.102 0.059
P(goodness offit) 0.0001 0.110 0.021 0.421
&Model with ymax 100 and ymi,n=l. bModel with Ymax=100 and ymi=0.
failed, indicating that an alternative model
or a transformation should be used.
We then apply the BCTBS to these
data. The estimate for parameter A is not
statistically significantly different from
zero, which is equivalent to a log TBS. In
this case, the model is statistically signifi-
cant and the test ofassumptions cannot be
rejected. The p-value for the test of112=0
is 0.059, indicating that the conclusion of
additivity or slight synergism for chemicals
Cd and Hg can be made. Data analysis is
summarized in Table 2. The isobologram
analysis supports the conclusion (Figure 1).
In Table 2, P(goodness of fit) is the
p-value ofPearson's X2 goodness offit test.
To test that the standard residual ofmodel
fit is standard normal distribution, the
parameter estimates are associated with its
standard error (in parentheses).
Discussion
The identification of synergistic or
antagonistic interactions, e.g., environ-
mental estrogens, may have profound
impact on legislation, regulation, and dis-
tribution of scientific resources involving
public and environmental health (10,11).
Therefore, the accurate and appropriate
characterization of toxicant interactions is
a necessary and critical part ofthe hazard
identification ofsimple mixtures (12).
Fundamentally, the characterization of
chemical interactions consists of the rejec-
tion or acceptance ofa single model or the
selection ofa particular model from among
competing models. These decisions are
based on statistical and/or graphical infor-
mation involving regression equations,
each with underlying implicit and explicit
mathematical, statistical, and data structure
assumptions (13). As such, the choice of
model, criteria for goodness of fit, data
transformation, and method of parameter
estimation are important to support a
mathematically and biologically sound
decision. The statistical isobolographic
approach is a useful and powerful tool to
identify interactions. The application of
isobolographic and other approaches to the
analysis ofinteractions, however, often do
not adequately consider the fitting of the
data to the model (14,15).
In this paper, a nonlinear isobologram
model was developed to extend the linear
logistical isobologram ofCarter et al. (3) to
include the model features of Barton et al.
(4), incorporating two parametersYmin and
Ymax to make the isobolographic analysis
more versatile. This model [3] is superior
to Carter's logistic model because the
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parameters Ymin and Ymax can be estimated
from the data together with other model
parameters. This overcomes the sensitivity
ofdifferent choice of these parameters and
therefore is robust on different specifi-
cations ofmodel parameters. The BCTBS
technique is recommended, especially when
the model assumptions are violated. The
newly developed model and its comparison
to the model ofCarter et al. (3) was imple-
mented in SPLUS software (16). The new
model, will soon be a module of the soft-
ware named MAS (Mixture Analysis
System), and will be used specifically for
chemical mixtures research.
In the fitting of models [3] and [9], a
scheme to find good starting values for the
parameters is critical. This selection can be
obtained from the following procedure.
The initial values for parameters Ymin and
Ymax can be chosen from the observed mini-
mum and maximum values from the
response. By using these two values for
model [3], the initial values for /3i i=0, 1,
2, 12 can be obtained from linear regres-
sion [4]. The parameter A in the model
BCTBS [9] can take anyvalue from 0 to 1.
The confidence band for the ED50 line
d2LP can be derived from Fieller's theorem
(9), which can be used visually to evaluate
the effect ofchemical mixtures. Specifically,
this confidence band is plotted with the
observed 50% isobol to see whether the
observed 50% isobol is within the confidence
band to make conclusions about synergism,
antagonism, and additivity. Figure 1 illus-
trates the application of this confidence
band structure for the observed ED50 isobol
and the corresponding ED50 line.
We presented the model [3] for the
interaction ofonly two chemicals. In fact,
this model can be easily modified for the
analysis ofany number ofdrugs or chemi-
cal mixtures. Because the interaction of
more chemicals is more toxicologically
complicated to classify, the discussion
would be complex. For example, in the
mixtures of three drugs or chemicals, the
nonlinear model [3] would be
+ Ymax
-
Ymin Y=Ymin l+ e-di,d2,d3,) [11]
whereg(dl,d2,d3j) =I3o+P1dl +f32d2...
In this situation, CIis defined as:
CI dl+1 d2 + d3
EDIOOP(1) ED10op(2) ED10op(3)
[12]
and can be also expressed as
ci =fild 2d2 + 3d3 = l m2
ml ml
where ml =logt P _ and
M2 =fA2dAd2 +A33dAd3 +fi23d2d3
+fI23dld2d3.
It can be seen that whether the CI is
greater than, less than, or equal to zero is
dependent on the expression M2, which is
a function of the parameters and also the
magnitude ofthe three dose levels. In the
case that all parameter estimates are statis-
tically greater than, less than, or equal to
zero, the conclusion ofsynergism, antago-
nism, or additivity of these three drugs or
chemicals can be made.
It has been suggested that a good
contribution could be made in this area by
using a generalized linear model approach
or the iteratively reweighted least square
algorithm to fit the dose-response relation-
ship. We have examined these approaches
for the quantal dose-response relationship
where the responses are qualitative, such as
in mortality rates for rats (17).
In all, we are encouraged by the
performance of this nonlinear isobol-
ogram model and believe that it will
provide a plausible method for risk assess-
ment, toxicology, epidemiology, and
environmental research.
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